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ABSTRACT    

The effect of utilizing superhydrophobic walls on improving the 
convective heat transfer in a rectangular heatsink has been studied 
numerically in this paper. The vertical walls were kept at isothermal 
hot-and-cold temperatures and horizontal walls were insulated. The 
boundary condition on the walls was: no-slip for regular, and slip (with 
slip length of 500 µm) for superhydrophobic walls. By changing the 
heatsink aspect ratio (AR, height/width) from 0.1 to 10, it was 
observed that regardless of the wall slip, the optimum AR is 1, i.e. 
square enclosure. For a square heatsink, using the nanofluid with 𝜑 = 
3% could enhance the heat transfer (quantified by Nusselt number) by 
up to 9.8%. For the same enclosure filled with pure water, applying 
superhydrophobic horizontal walls could increase the heat transfer by 
4.45%. The joint effect of using superhydrophobic walls and nano-
particles enhanced the heat transfer by up to 14.75%. The results of 
this paper may open a new avenue for high performance cooling 
systems. 
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1. Introduction 

High performance cooling is one of the 
essential requirements in many industries, e.g. 
furnace engineering [1], non-Newtonian 
chemical processes [2,3], solar energy storages 
[4], chemical vapor depositions, [5] and 
surfaces under a magnetic field [6,7]. In order 
to save energy, instead of cooling the whole 
environment, it is feasible to cool the desired 
locations, i.e., local cooling. One of the local 
cooling techniques is – applying convective 
heat   transfer.  Convective   heat   transfer   is  
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widely used in cooling datacenters and 
microprocessors [8]. As processors become 
smaller, heat dissipation becomes challenging 
[9]. As such, there is always a need to enhance 
the heat transfer. Earlier processor coolers used 
forced air to dissipate the heat [10]. Thermal 
conductivity of liquids is generally greater than 
gases. Therefore, by using liquid, the fans can 
be operated at lower speeds and creating less 
noise, consequently. As such, the next 
generations used liquid instead of gas. 

Khanafer et al. [15] numerically proved that 
utilization of nanofluids (fluids with suspended 
metallic or non-metallic nano-particles) can 
enhance the buoyancy-driven heat transfer 
inside a two-dimensional enclosure heat sink. 
To explain the mechanism, different 
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explanations are provided in the literature, e.g., 
increasing surface area, better interaction and 
collision between particles, and higher 
irregular and random movement of particles 
[11]. For numerical models, it should be noted 
that adding nano-particles in the base liquid 
increases the effective thermal conductivity 
(𝐾𝑛𝑓) as well as the effective viscosity (𝜇𝑛𝑓). 
Hamilton and Crosser [12] proposed a relation 
for 𝐾𝑛𝑓 of a mixture of liquid and solid where 
the thermal conductivity of solid particles was 
at least 100 times greater than the liquid. The 
relation was later simplified for spherical solid 
particles [13]. The simplified relation [13] is 
applied to nanofluids [14,15]. For 𝜇𝑛𝑓, Einstein 
[16] developed a relation for an infinitely 
dilute suspension of small spheres in a liquid. 
The relation was modified and applied to 
nanofluids by Brinkman [17]. Earlier 
numerical studies were unable to show the 
increase in heat transfer by increasing the 
nanofluid volume fraction (φ), e.g. [18]. This 
is because they used the Nusselt number (Nu) 
to compare the heat transfer rates. Using Nu 
can be misleading, as nano-particles increase 
both the fluid convection and conduction 
simultaneously. For that, in recent studies (e.g. 
[15] [19] [20]), the Nu is calculated using 
thermal conductivity of the base liquid and not 
the 𝐾𝑛𝑓. With this adjustment, numerical 
models can follow the experiments, i.e., 
increasing trend of heat transfer by increasing 
the φ. Another adjustment for numerical 
results is as follows: experimentally there is an 
upper limit for φ and beyond that the 
numerical results are not meaningful. As 
shown [21], for φ values larger than 3%, 
increasing the φ may deteriorate the natural-
convective heat transfer. In this paper, we limit 
our studies to φ values smaller than 3%. 

For smaller enclosures, surface forces 
become dominant (compared to volume 

forces). Therefore, sheer stress at the wall can 
be an effective parameter in heat transfer of 
small heatsinks [22] [23]. Adding a small 
amount of drag-reducing polymer or surfactant 
additives may significantly reduce the wall 
friction [23]. However, the drawback is that 
nanofluids may not be compatible with the 
applied polymers. One of the novel methods 
for reducing friction drag is using 
superhydrophobic (SHP) surfaces [24]. 
Superhydrophobic surfaces have contact angles 
greater than 150° (see Fig.1) and contact angle 
hysteresis (CAH) less than 5o [25]. [CAH is the 
difference between advancing and receding 
contact angles (maximum and minimum 
possible contact angles on a surface)]. These 
surfaces are inspired from nature, e.g. lotus 
leaves. Some of the interesting properties of 
SHP surfaces are self-cleaning [26], corrosion-
resisting, drag-reducing [27], and anti-icing 
[28]. To manufacture SHP surfaces, the surface 
should be rough in micro and nano scale and 
have low surface energy. 

Fluids on regular surfaces are motionless, 
i.e., no-slip condition. Fluids on 
superhydrophobic surfaces have slip velocity 
(uslip, see Eq.(1)). The velocity profiles are 
shown for both conditions in Fig 2. To quantify 
the slip velocity, Navier’s slip length (βslip) is 
used [24]: 

uslip = βslip

du

dy
|

wall

 
(1) 

The βslip  on regular surfaces is a few 
nanometers. On superhydrophobic surfaces, 
βslip is in the order of hundreds of 
micrometers, [24] and can be as large as 500 
µm. The slip length depends on some 
parameters such as height and width of pillars 
and ridges. In this paper, the value of βslip for 
regular and superhydrophobic surfaces are 
assumed to be 0 and 500 µm, respectively. 

 

Fig.1. Water drop on a (a) hydrophilic, (b) hydrophobic and (c) superhydrophobic surface is shown. Contact 
angle is the angle between tangent to the drop interface and substarte at the contact line and measured from 

inside the liquid 
  

(c) θ > 1500
 

θ 

Liquid 

(b) θ > 900 (a) θ < 900 
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Fig.2. Schematic of no-slip and slip velocity profiles on a solid surface is shown. The slip length (βslip) is found 

by extrapolating the velocity profile 
 

The purpose of this study is - to numerically 
investigate the potential of using SHP walls, 
and their effect on increasing the heat transfer 
in a heatsink. Then, the joint effect of using 
SHP walls and Fe3O4/water nanofluid was 
studied. The heatsink model is a 2D 
rectangular enclosure with a height H and 
width W (as shown in Fig3). The two vertical 
walls are isothermal and horizontal walls are 
insulated. The left vertical wall is heated at a 
high temperature (TH) and the right vertical 
wall is at a lower temperature (TL). Heat 
transfer performance of the heatsink is 
investigated by changing different pertinent 
parameters in the various states. 
 

 
Fig.3. Schematic of the rectangular heatsink is 

shown. Hot and cold walls are shown with TH and 
TL, accordingly 

 
 

2.Methodology 
 
To solve the governing equations, the 
following assumptions [15], numerical scheme, 
and algorithm are made: nanofluid is 
incompressible, Newtonian, and homogeneous. 
The homogeneity means that nanoparticles and 
base liquid do not have any temperature and 
velocity difference. In other words, they are in 
thermal and momentum equilibrium. The Ra 
(ratio of buoyancy force to heat diffusion) 
changes from 103 to 106. So, the flow is laminar 
(i.e. Ra<109). The value of φ is 3% for nano-
fluid and zero for pure water. The following 
geometrical aspect ratio (AR, H/W) values are 
tested: 0.1, 0.25, 0.5, and from 1 to 10 (with 
the step size of 1). The SIMPLE algorithm is 
used for pressure-velocity coupling. In 
addition, Finite Volume Scheme has been 
chosen to discretize the governing equation and 
QUICK scheme approximation is selected for 
the advection term. Central differencing with 
second order accuracy is used for discretizing 
the diffusion terms. Radiation heat transfer is 
not considered and gravity acts in 𝑦 direction. 
All thermo-physical properties of nanofluids 
are assumed constant, except for density 
variations which changes with temperature 
based on Boussinesq approximation. The 
Boussinesq approximation is valid when 
variation in the fluid density is small. The 
solver stops the iterations when the results 
convergence and discrepancy between the last 
two iterations was less than 10-6. Properties of 
the nanofluids are determined based on the 
models summarized in Table 1.  

Thermo-physical properties of the base 
liquid and nano-particle are listed in Table 2. 

g 

H 

W 

x, u 

y, v 

TH TL 
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Table 1. Formulation of the nanofluid properties based on the applied model 

Nanofluid property Applied model 

Heat capacitance [14] (𝜌𝐶𝑝)𝑛𝑓 = (1 − 𝜑)(𝜌𝐶𝑝)𝑓 + 𝜑(𝜌𝐶𝑝)𝑝
 

Dynamic viscosity [17] 𝜇𝑛𝑓 = 𝜇𝑓

1

(1 − 𝜑)2.5
 

Thermal conductivity [13] 𝐾𝑛𝑓 = 𝐾𝑓 [
𝐾𝑝 + 2𝐾𝑓 − 2𝜑(𝐾𝑓 − 𝐾𝑝)

𝐾𝑝 + 2𝐾𝑓 + 2𝜑(𝐾𝑓 − 𝐾𝑝)
] 

Thermal expansion [15] 
𝛽𝑛𝑓

𝛽𝑓

= [
1

1 +
(1 − 𝜑)

𝜑
𝜌𝑓

𝜌𝑝

𝛽𝑝

𝛽𝑓

+
1

1 +
𝜑

1 − 𝜑
𝜌𝑝

𝜌𝑓

] 

 
Table 2. Thermo-physical properties of used materials [29] at 20oC 

 
𝛒 

[𝐤𝐠/𝐦𝟑] 

𝐂𝐩 

[𝐉/𝐤𝐠𝐊] 

𝐊 

[𝐖/𝐦𝐊] 

𝛍 

[𝐍𝐬/𝐦𝟐] 

𝛃  

[𝟏/𝐊] 

Pure Water 998.2 4182 0.6 0.001003 2.0661×10
-4 

Nanoparticle 
(Fe3O4) 4950 640 7 N/A 1.041×10

-5 

 
 Governing equations: 

 
Governing equations for natural convection are 
continuity, momentum and energy equations. 
The flow is assumed laminar, 2D, steady-state, 
and incompressible with Boussinesq 
approximation [30].  

The continuity equation for incompressible 
fluid in 2D is: 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0 

(2) 

where x and y are main Cartesian coordinate 
variables; and u and v are velocity component 
in x and y direction, respectively.  

The x and y momentum equation for 
incompressible fluid in 2D are: 

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

∂𝑦
= −

1

𝜌

𝜕𝑝

𝜕𝑥
+

𝜇

𝜌
(

𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2
) 

(3) 

𝑢
𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
= −

1

𝜌

𝜕𝑝

𝜕𝑦
+

𝜇

𝜌
(

𝜕2𝑣

𝜕𝑥2
+

𝜕2𝑣

𝜕𝑦2
)

+ gβ(T − T0) 

(4) 

where ρ is density, p is pressure, μ is dynamic 
viscosity, g is the gravity constant, β is thermal 
expansion coefficient (see Table 2), T is 
temperature, and T0 is reference temperature.  

The energy equation for incompressible 
fluid in 2D is: 

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝛼 (

𝜕2𝑇

𝜕𝑥2
+

𝜕2𝑇

𝜕𝑦2) 
(5) 

where α is thermal diffusivity of fluid. The 
non-dimensional form of continuity, 
momentum, and energy equations are: 

∂U

∂X
+

∂V

∂Y
= 0 

(6) 

U
∂U

∂X
+ V

∂U

∂Y
= −

∂P

∂X
+ Pr (

∂2U

∂X2
+

∂2U

∂Y2
) (7) 

U
∂V

∂X
+ V

∂V

∂Y
= −

∂P

∂Y
+ Pr (

∂2V

∂X2
+

∂2V

∂Y2
)

+ RaPrΘ 

(8) 

U
∂θ

∂X
+ V

∂θ

∂Y
=

∂2T

∂X2
+

∂2T

∂Y2
 (9) 

 
where the non-dimensional variables are given 
in Table 3. 
 

2.1.Mesh Sensitivity Analysis 
 
For showing the mesh sensitivity and choosing 
the most appropriate mesh, different mesh 
sizes were examined (from 10 to 300) for air in 
a square enclosure (i.e. AR = 1), where Ra was 
106. Because the temperature gradient near the 
walls of the enclosure is higher than in other 
areas, smaller grids are needed around the 
walls for careful calculations. Figure 4 shows 
the boundary layer type of mesh used in this 
study. The Nu number on the hot wall of the 
heatsink shows that a mesh of 150 is 
appropriate and enough (Fig. 5). For larger and 
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smaller enclosures, the mesh size is scaled 
based on the 150 × 150 grid for AR = 1. 
 

2.2.Validation 
 
The validation of our numerical results was 
performed only for the cases that the walls 
were regular (i.e., no-slip condition). The 
reason is that based on our knowledge, the 
literature models have not studied the effect of 
superhydrophobic surfaces for this problem, 
e.g. [15, 31]. As seen in Table 3, the results of 
the present work is within 1% of other 

numerical results and within 10% of the 
analytical solution in [32]. 

Moreover, for accurate validation and 
reliability of our numerical code, the velocity 
profile in the y-direction (Fig. 6a) and the 
temperature profile (Fig. 6b) along the 
horizontal imaginary line at the midsection of 
the heatsink were obtained. These profiles 
were compared with the results of previous 
numerical studies [15] for air. It is evident 
from the comparison that our results are in 
agreement with previous studies for various Ra 
numbers. 
 

 
Fig. 4. Boundary layer type of mesh with smaller grids around the walls 

 

 
Fig. 5. The value of Nu number on the hot wall of the heatsink is shown for different mesh sizes. It is shown that 

a mesh size of 150 is appropriate. The solid line is a guide to the eye 
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Table 3. Comparison of average Nu number with previous works for different Ra values (Pr = 0.7, AR = 1). 

Ra Present work Khanafer et al. [15]  De Vahl Davis [31] Incropera [32] 

10
3 

1.117 1.118 1.118 1.245 

10
4 

2.246 2.245 2.243 2.428 

10
5 

4.557 4.522 4.519 4.734 

10
6 

8.865 8.826 8.799 9.232 

 

  
(a) (b) 

Fig. 6. (a) The velocity profile in the y-direction, and  (b) the temprature profile, along the horizontal midsection 
of the heatsink are shown for different Ra numbers. Fluid is air and AR = 1. It is shown that present work (solid 

line) and results of  [15] (circles) overlap 
 

For validating the results at different AR 
values, the relation in [32] was used; see  

Table 4. Pure water was used for this 
comparison. Regarding Table 5, it should be 
noted that in [32] there was no relation for 
calculating the Nu where AR < 1. As the 
results depict, the error decreases with 
increasing AR, due to better fluid flow and 
heat transfer for vertically heated surfaces. 
 
3.Result and Discussions 
 
By changing the AR value, as shown in Fig. 7, 
the optimum rectangular enclosure to 
maximize the heat transfer is a square, i.e. AR 

= 1. To explain that the AR = 1 is an optimum 
geometry, the velocity contours at three 
different AR values are shown in Fig. 7. As 
shown, for AR= 1, more regular spinal fluid 
flow is made in enclosure and close to the 
walls, average magnitude of velocity is larger 
than that at other AR values. For large AR 
values, the hot and cold walls become close 
and the heat transfer mechanism is mainly 
conduction. For small AR values, convection is 
the dominant heat transfer mechanism. 
However, for very small AR values, the hot 
and cold walls are further apart and circulation 
is hindered. Therefore, there is an optimum AR 
value at which the heat transfer is at its 
maximum, see Fig. 7. 
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Table 4. The value of Nu in the present study is compared with the value found using the relation in [32] at 

different AR values. Fluid is pure water and Ra = 106 

AR Nu Nu [32] Error (%) 

1 9.274 9.811 5.785 

2 8.366 8.785 5.011 

3 7.715 7.938 2.884 

4 7.250 7.387 1.898 

5 6.895 6.986 1.324 

6 6.612 6.675 0.950 

7 6.379 6.423 0.691 

8 6.181 6.212 0.502 

9 6.010 6.032 0.362 

10 5.860 5.875 0.256 

 

 
Fig. 7. Comparison of Nu number at different AR values (Ra = 106). The velocity contours at AR values of 0.1, 1 

and 10 are shown 

As explained above, the square enclosure 
(AR = 1) is optimum geometry and will be 
used in the rest of this paper. The effect of 
using nanofluid and superhydrophobic surfaces 
becomes more observable at larger Ra numbers 
(larger Ra value is equivalent to larger 
convective heat transfer). Ra = 106 is used in 
this study to make sure that the flow remains 
laminar. It should be noted that this Ra number 
is roughly equivalent to the Ra value of a 
square enclosure with the side length of 2 cm 
and temperature difference of 10oC filled with 
pure water. 

To further increase the heat transfer, the 
effect of adding the nanoparticles was studied. 
As shown in Table 5, using nanofluid with 𝜑 = 
3% results in 9.8% increase in heat transfer of 
pure water in an enclosure with AR = 1 and  
Ra = 106. 

To investigate the effect of 
superhydrophobic walls on heat transfer, a 

square enclosure filled with pure water was 
studied. Slip wall boundary condition 
(according to Eq. (1)) was applied on top and 
bottom walls. It is worth noting that when the 
top and bottom walls are insulated, no 
temperature jump occurs. The value of Nu 
number was calculated on the hot and cold (i.e. 
left and right) walls. Results were compared 
with the case that all the four walls were 
regular (no-slip condition walls) and presented 
in Figs.8 and 9. It was found that applying slip 
boundary condition (or using SHP walls) for 
the top or bottom walls have approximately 

same results, i.e. 2.25% (
9.483−9.274

9.274
× 100%) 

increase in the heat transfer. Using slip 
boundary condition for both top and bottom 

walls jointly results in 4.45% (
9.687−9.274

9.274
×

100%) increase in the heat transfer. So, it is 

0
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6

8

10

0 1 2 3 4 5 6 7 8 9 10

N
u
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suggested to apply superhydrophobic walls only on the two top and bottom walls. 
 
 

Table 5. Comparison of Nu number for pure water and nanofluid (Ra = 106, and AR = 1) 

Working fluid Nu number Increase (%) 

Pure water 9.274 0 

𝜑 = 1% 9.568 3.2% 

𝜑 = 2% 9.871 6.4% 

𝜑 = 3% 10.185 9.8% 

 

 
Fig.8. Average Nu number at different 𝜑 for various walls condition (Ra = 106, AR = 1) 

 

 
Fig.9. Comparison of average Nu number for various SHP walls at different 𝜑 (Ra = 106, AR = 1) 

To better understand the joint effect of 
applying superhydrophobic surfaces and 

nanofluids, we changed the 𝜑 from zero to 3% 
and applied slip conditions on the walls. As 
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φ = 3% 10.185 10.413 10.416 10.642

φ = 2% 9.871 10.092 10.095 10.314

φ = 1% 9.568 9.781 9.784 9.996

Pure Water 9.274 9.48 9.483 9.687
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shown in Table 6, for a regular enclosure (no-
slip) with Ra = 106 and AR = 1, nanofluid, by 
itself, increases the heat transfer by almost 

9.8% (
10.185−9.274

9.274
× 100%). The combined 

effect of using superhydrophobic walls (top 
and bottom walls) and nanofluids (𝜑 = 3%) 
may enhance the heat transfer by up to 14.75% 

(
10.642−9.274

9.274
× 100%). 

To better understand and explain the effect 
of SHP walls, the velocity contour inside the 
enclosure is shown in Fig. 10. As depicted, by 
making the top and bottom walls 

superhydrophobic, the streamlines tend to up 
and down walls and it means that the velocity 
on these walls is not zero and the streamlines 
spin better in the clockwise direction. 

The streamline spin is better illustrated in 
Fig 11, where the isotherm contours are 
compared. As depicted in Fig 11, by applying 
SHP walls, isotherm lines spin clockwise. The 
clockwise rotation is consistent with the 
direction of natural convection. 

These findings open up entirely new 
avenues for high performance cooling devices 
and micro-processor cooling technologies. 

  
  

(a) (b) 

Fig. 10. Contours of velocity magnitude and Streamline contours for (a) regular walls, (b) up and down SHP 

walls are shown where Ra = 10
6
 

 

 
(a) (b) 

Fig 11. Isotherm contours for (a) regular walls, (b) up and down SHP walls. (Ra = 10
6
) 

 

4.Conclusion  

In this research, the potential of using 
superhydrophobic (SHP) walls for enhancing 
the natural heat transfer in a rectangular 
heatsink filled with nanofluid was studied 
numerically. The slip length for 
superhydrophobic surfaces was assumed as 
500 µm; 𝛗 varied from 0 to 3%; AR changed 
from 0.1 to 10; and Ra was consistent at 106, 
to ensure the flow stays laminar. The vertical 

walls were kept at isothermal hot and cold 
temperatures, and the horizontal walls were 
insulated. The most important results are as 
follows: 
 The optimum rectangular geometry for 

the heatsink is a square. When the two 
walls are close to each other, convection 
becomes negligible and the heat transfer 
decreases. 

 The presence of 3% Fe3O4 nanoparticles 
inside the base liquid increases the Nu 
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number by up to 9.8%. By adding 
nanofluid, both the conduction as well as 
convection heat transfer increase. 

 Using SHP horizontal walls can improve 
the heat transfer for pure water by up to 
4.45%. By applying SHP walls, the fluid 
inside the heatsink flows on the walls 
and this results in increase in convection. 

 The joint effect of using 
superhydrophobic walls and nanofluids 
may enhance the heat transfer by 
14.75%. 

 At larger Ra numbers, the effect of 
applying superhydrophobic walls and 
nanofluids becomes more pronounced. 
At a larger Ra number, the order of 
magnitude of velocity is larger, and this 
larger velocity results in larger velocity 
gradient on the wall which results in 
higher slip velocity on superhydrophobic 
walls. 
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